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Effects of Angle of Attack on Nonlinear Flutter of a Delta Wing

Deman Tang* and Earl H. Dowell’
Duke University, Durham, North Carolina 27708-0300

Limit cycle oscillations (LCOs) have been observed in flight for certain modern high-performance aircraft. The
nonlinear physical mechanism responsible for the LCOs is still in doubt, even to the point of it not yet being
determined whether the nonlinearity is principally in the flexible elastic structure of the aircraft or due to the fluid
behavior in the surrounding aerodynamic flowfield. One observation from flight tests is that by changing the angle
of attack of aircraft, the flight velocity at which LCOs begin may be raised or lowered and that the amplitude of
the LCOs may be reduced. It has been suggested that this sensitivity to angle of attack indicates the nonlinearity
is in the fluid rather than in the structure. We show that such effects of an angle of attack change can be the result
of a structural nonlinearity. Specifically, an investigation to determine the effects of a steady angle of attack on
nonlinear flutter and LCO of a delta wing-plate model in low subsonic flow has been made. A three-dimensional
time domain vortex lattice aerodynamic model and a reduced order aerodynamic technique were used, and the
structure is modeled using von Karman plate theory that allows for geometric strain-displacement nonlinearities
in the delta wing structure. The results provide new insights into nonlinear aeroelastic phenomena not previously
widely appreciated, i.e., LCOs for low aspect ratio wings that have a platelike nonlinear structural behavior. The
effects of a steady angle of attack on both the flutter boundary and the LCOs are found to be significant. For a
small steady angle of attack, oy < 0.1 deg, the flutter onset velocity increases, whereas for larger o, it decreases.
Moreover, as o increases, the maximum LCO amplitude decreases substantially. Such effects have been observed
by Bunton and Denegri in flight flutter experiments. It is noted that the present theoretical results do not prove that
the LCOs phenomena observed in flight are due to structural nonlinearities; however, the results of the present
analysis are consistent with those observed in flight and do show that a structural nonlinearity can give rise to the

observed effects of angle of attack on the LCOs.

Nomenclature

generalized coordinatesin the x and y directions,
respectively

delta wing root chord

delta wing plate bending stiffness

Young’s modulus

delta wing plate thickness

numbers of vortex elements on a delta wing in the
x and y directions, respectively

total number of vortices on both the delta wing and
wake in the x direction

delta wing span

delta wing panel mass/area, m = hp,,

number of delta wing modal functionsin the

x-y plane defining u and v

number of delta wing modal functionsin

the z-direction defining w

generalized aerodynamic force

generalized coordinate in the z direction

size of reduced order aerodynamic model

time

airspeed

flutter airspeed

modal functionsin x and y directions

in-plane displacements

transverse modal function in the z direction

plate transverse deflection

X, Y = right and left eigenvector matrices of vortex lattice
eigenvalue model

streamwise and spanwise coordinates
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VA = eigenvalue matrix of vortex lattice aerodynamic
model

z = normal coordinate

Z; = discrete time eigenvalue

o = steady angle of attack

r = the vortex strength

At = the time step, Ax/U

Ax = plate element length in the streamwise direction

A = continuoustime eigenvalues, A; =ba(z;)/ At

v = Poisson’s ratio

P, Pn = air and plate densities

T = time parameter,/(mc*/ D), s

10} = frequency

O = d()/dr

I. Introduction

LUTTER and limit cycle oscillation (LCO) characteristics of

cantilevered low-aspect-ratiorectangular and delta wing mod-
els in low subsonic flow speeds have been recently studied. The-
oretical and experimental results' > have provided good physical
understanding of the relevant phenomena. In particular, it has been
demonstratedthat, even with only a single edge of a plate restrained,
bending tension or geometricalnonlinearitiescan produce LCO am-
plitudes of the order of the structural plate thickness. As shown in
Ref. 3, a comparison of theory with experiment gives reasonably
good agreement. However, some differences exist that may be due
to a steady nonzero angle of attack of the delta wing plates. To esti-
mate the effects of the initial angle of attack on the flutter boundary
and LCO characteristics, a theoretical and numerical investigation
has been made.

In the present paper we use a three-dimensional time domain
vortex lattice aerodynamic model and reduced order aerodynamic
technique to investigate the flutter and limit cycle oscillation char-
acteristics of a low aspectratio delta wing plate at low subsonic flow
speeds for different steady angles of attack. A perturbation flutter
equation was derived that is used to determine the flutter boundary,
and a direct time marching solution is used to calculate the LCO
behavior of this nonlinear system. The results provide additional
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insight with respect to the LCOs of cantilevered low-aspect-ratio
wing-panel models.

II. State-Space Equations

A schematic of the delta wing plate geometry with a three-
dimensional vortex lattice model of the unsteady flow is shown
in Fig. 1. The aeroelastic structure/fluid state-space equations are
described as follows.

The nonlinear structuralequations were derived from Lagrangian
equations based on the von Kdrmdn plate equations using the total
kinetic and elastic energies and the work done by applied aerody-
namic loads on the plate. Modal expansions for the plate deflection
are substitutedinto the energy expressionsand then into Lagrangian
equationsto yield equations of motion for each structural modal co-
ordinate. The modal functionsused are the in-planeand out-of-plane
natural modes of the plate determined from a finite element analysis.
As shown in Ref. 3, the nondimensional in-plane (u, v) equation in
matrix form is (note the in-plane inertia has been neglected)

¢t O\ fa | (Ct |
i DY bj - D1 {qum} ( )

The nondimensional transverse equation is
M} [Gn + 20,804 + G0, ] + (Fi| 22) + (@41 77) =0
)

m

where M ,’; are generalized modal masses, &, and @, are the mth
structural modal damping and natural frequency, Q* is the nondi-
mensionalized generalized aerodynamic force, and F% is a (nondi-
mensional) force vector (linear and nonlinear) that depends on the
deflection of the delta plate. This vector can be expressed in matrix

form as

17 )44 2
{Fx} =111 + [1°H{qx g} (3)
bjq
wherei, j=1,2,...,mxyandk,m,n=1,2,...,nxy.For details
of the coefficient matrices, C*, C*, D*, D', C4, T1!, and I1?, see

the Appendix.

It should be noted that the structural model used here is appropri-
ate to a platelike structure that undergoes bending in two directions,
e.g., chord and span. This bending leads to nonlinear effects for
deflections of the order of the plate thickness. For a beamlike struc-
ture, e.g., a high-aspect-ratio wing, this nonlinear effect is much
weaker. Then the deflections required to reach a nonlinear state are
much larger, and, moreover, other nonlinear effects may become
important, e.g., nonlinear curvature.

An unsteady vortex lattice method was used to calculate the aero-
dynamic forces. The flow is assumed to be incompressible,inviscid,
and irrotational. A typical planar vortex lattice mesh for the three-
dimensionalflow is shown in Fig. 1. The plate and wake are divided
into a number of elements. In the wake and on the wing, all the
elements are of equal size, Ax, in the streamwise direction. Point
vortices are placed on the plate and in the wake at the quarter chord
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Fig.1 Numerical grid for delta wing plate using vortex lattice aerody-
namic model and a corresponding finite element grid for the structural
model.

of the elements. At the three-quarter chord of each plate element,
a collocation point is placed for the downwash, i.e., we require the
velocity induced by the discrete vortices to equal the downwash
arising from the unsteady motion of the delta wing. As described in
Ref. 4, the aerodynamic matrix equation can be expressed as

[ATY ' + [BITY =[T]{w}*! “)

where [A] and [ B] are aerodynamic coefficient matrices,* [T] is a
transfer matrix for determining the relationship between the global
vortex lattice mesh and local vortex lattice mesh on the delta wing
plate, and {w } *! is the nondimensional downwash at the time step
t + 1 arising from the unsteady motion and the steady angle of attack
of the delta wing. The downwash is expressed in matrix form as

h h (oW (x, .
wen Y = SIWe gy C( = ”){q}f !

+{ap(x, y)} ®)

Thus, combining Egs. (1), (2), and (4), we obtain a complete
aeroelastic state-space equation in matrix form:

A -TE r’*‘+ B o\[r]' [ Ta 3
¢, D, /|6 ¢, DJ\|o| " |-Fyl
6)

where the vector 6 is the state of the plate {#}={q, q}", D, and
D, are matrices describing the plate structural behavior, and C, and
C, are matrices describing the vortex element behavior on the delta
wing itself.

Based on Eq. (6), a reduced order aerodynamic model with static
correction technique is applied. The final result is given by*™*

I =YLl = AA+ B)'ITEN [v,]""
CoXra Dy + Co(A+ B)"'TE 0

. ~Zra YL B(A+ B)"'TE v 1
CiXza D, +C(A+B)'TE)]| 0

0 t+ 5
h {—(c1 +Cy)(A+ B)"'Tay — Fyl 12}
where Xg, and Y, are the right and left reduced eigenvector matri-
ces, Zg, is areduced diagonal matrix whose diagonalentries contain

the aerodynamiceigenvalues,and 7y, is areduced vector of the aero-
dynamic modal coordinates.

(M

III. Nonlinear and Perturbation Flutter Equations

Equation (7) is a nonlinear equation. For a zero steady angle
of attack, i.e., ap = 0, a linear flutter boundary is determined using
Eq. (7) by setting Fy =0, as shownin Ref. 3. The limit cycle motion
amplitude approaches zero when the flow velocity approaches the
linear flutter velocity from above and tends to a finite amplitude LCO
when the flow velocity is higher than the linear flutter velocity.

For o # 0, a perturbationapproachis used to determine the linear
flutter boundary.

Let

qg=q+4q, a; =a; + 4

by =b;+b;, Ya =Ya TV (8)
where g, a;,b;, and 4, are the staticequilibriumstate vectors and the
corresponding quantities with a symbol of "are the small dynamic
perturbations about the static equilibrium state.

Substituting the Eq. (8) into Eq. (7), a set of static equilibrium
equations and dynamic perturbation equations is obtained. For the
static equilibrium equations, we have

{'74}H1 = {ﬁd}t ={74}

=]

oy ' =y =0y = {_}

=
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The static equilibrium equations are expressed as

[Di+ Dy + (C, + C)(A + B)'TE]{)

={-(C +C)(A+ B)'Toy — Fyl 7} ©)
where
{Fy} =[] { B"‘f} + [T HGeGmdn )
iq

oo\ fa) _[(cry,
u DY I;j - D {qkqm}

It is evident that Eq. (9) is a set of nonlinear algebraic equations for
the unknown state vectors {g}, {a; }, and {I;j }

The dynamic perturbation equations about a static equilibrium
state are

I =YLl - AA+ B TE (7]
C,Xpa Dy +Cy(A+ B)'TE 0
(" YLB@A+BTTE \[7]
CiXra D +Ci(A+B)'TE)| b
0 1+ )
- {—(FL + Byl 12}

where F, 7 and F v are the linear and nonlinear perturbation forces,
respectively:

(10)

| |
(Fy =111 | @, b)) | @} + | vi@) {}
| | !

N
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-
+[IP] | v2(@edn) | {4}

“oCcv\fa] _ (ce ) .
« o) \5,] = \o vi@x) | {4}

or
{FL} =[K.{q)

where [K,] is an additional structural stiffness matrix due to the
nonlinear static deflection that depends upon the flow velocity. The
total structural stiffness (or “structural” natural frequencies) will
change with the flow velocity.

The nonlinear perturbation force is

|
a’qA} + 121 | vs@0) | (G} + [T100d 30 )

{FN} = [Hl] {
I

ad

J

If we set Fy =0, then a linear perturbation flutter equation is
given by

A t+1 A t
Ya Ya
[ﬂl]{é} +[B]{é} = {0} (11)

The coefficient matrices [ A and [B] are dependent on the static
equilibrium state. For the details of these coefficient matrices, see
the Appendix.

To determine the LCO response of this nonlinearaeroelasticsys-
tem, we can use Eq. (10) and a time marching approach.

IV. Numerical Results

The theoretical model is a simple delta wing configuration with
a leading edge sweep of 45 deg. The model was constructed from

2.38-mm-thick plastic (Lucite material) plate. The root chord was
locally clamped (cantilevered) and the length of the cantilever root
was 0.228 m (60% root chord). The clamping was symmetric about
the center of the root chord of the model. The length of the root
chord was 0.381 m. We use the aerodynamic vortex lattice model
including 120 vortex elements on the delta wing (km =kn =15),
525 vortex elements in the wake (kmm =50), and nine reduced
aerodynamic eigenmodes R, =9. The delta wing structural modal
numbers were nxy =10 in the out-of-plane and mxy =10 in the
in-plane directions, respectively. The mesh of the finite element
model for the out-of plane structural model is 30 X 30, and, thus,
the delta wing was modeled using 900 quadrilateral plate elements.
The mesh of the three-dimensional finite element model for the
in-plane structural model is 30 X30 X1, and the delta wing was
modeled using 961 solid elements with 1921 nodes. The nodes at
the clamped root chord satisfy geometric boundary conditions,i.e.,
w=u=v =0 =0,=06,=0.

A. Nonlinear Flutter

In the following calculation we consider a range of steady angle
of attack, i.e., from og =0 to 2 deg. For the static equilibrium state,
we use Eq. (7) and a time marching approach to calculate directly
nonlinear response. The static state vectors {§}, {@} and {b} are ex-
tracted from the static part of steady time response. Of course, these
can also be obtained from Eq. (9), but for larger mxy and nxy, this
equation is tedious to solve.

1. Results for ap = 0.1 deg

The static plate transverse deflection increases as the flow veloc-
ity increases, and the structural natural frequencies also change. In
computing the “structural” natural frequency, we take into account
the aerodynamicforcesin computingthe staticdeflectionsbutignore
them in the dynamic perturbation analysis. The results are shown
in Fig. 2 for the first five structural natural frequencies vs the flow
velocity from O to 48 m/s. In this case, the frequenciesincrease with
the increasing flow velocity. Note that the first five structural natural
frequencies at U =0 are 7.46, 29.58, 33.81, 70.21, and 83.72 Hz.
For example, the frequency increases are 53, 13, and 19%, respec-
tively, for the first three frequenciesat U =38 m/s compared with at
U =0. The “structural frequencies” could be measured experimen-
tally if we replaced the static aerodynamic forces with equivalent
mechanical loads and performed an in vacuo vibration test.

The flutter stability of the linearized aeroelastic model is consid-
ered by solving Eq. (11). The aeroelasticeigenvaluesobtained from
these equations determine the stability of the system. When the real
part of any one eigenvalue A becomes positive, the entire system
becomes unstable.

Figure 3 shows a typical graphical representation of the eigen-
analysisin the form of real eigenvaluesRe(4;) (damping) vs the flow
velocity for oy =0 and 0.1 deg. As indicated by the symbol e for
ay =0.1 deg, there are two intersections of Re(4;) with the velocity
axis at U, =44 m/s (lower instability flutter boundary) and 84.8
m/s (upper boundary), and the corresponding flutter oscillatory fre-
quencies are @, =25.1 and 42 Hz. Below the lower and above the
upper flutter velocities, the system is stable. For oy =0 deg, the
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Fig.2 Structural frequencies vs flow velocity for oy = 0.1 deg.
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Fig. 3 Eigenvalue solutions of the linearized aeroelastic model for
ay=0and 0.1 deg.
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Fig. 4 Eigenvalue solutions of the linearized aeroelastic model for
a9 =0.75 deg.

corresponding lower flutter values are U; =39.7 m/s and
o; =21.7 Hz. There is no upper instability flutter boundary for
oy =0 deg, i.e., beyond the critical flutter velocity, the system is
always unstable. These latter results are indicated by the symbol
o. The critical flutter velocity and frequency for o =0.1 deg are
higher by 11 and 16%, respectively, than those for ay =0 deg.

These results obtained from the dynamic perturbation Eq. (11)
can be confirmed by the results calculated by the time marching
approach of Eq. (7). At U =44.1 m/s, the response approaches a
small limit cycle oscillation amplitude (for a detailed discussion,
see the next section). The flow velocity is slightly higher than the
flutter velocity, Uy =44 m/s, and the oscillation frequency is close
to the flutter frequency. Thus it is confirmed that U =44 m/s is a
true flutter velocity.

2. Results for og = 0.3 deg and higher

For oy =0.3 deg, we find there are three intersections of Re(A;)
with the velocity axis at U =37, 65.8, and 68 m/s, i.e., the flutter
velocities, and the corresponding flutter oscillatory frequencies of
o; =36.9, 50.4, and 76 Hz. The first two flutter velocities form
an instability flutter range dominated by coupling between the first
two structural modes. Beyond the flutter velocity U, =68 m/s, the
systementers anotherinstability flutterrange dominatedby coupling
between the higher structural modes.

For oy =0.5 deg, similar results are found. There are three insta-
bility flutter ranges in this case. The first instability range is from
U =30 to 46.8 m/s, and the corresponding frequencies vary from
®; =39t047 Hz. The motionis dominatedby couplingbetween the
first two structural modes. The second and third instability ranges
are from U =43.5 to 47 m/s and 48.5 to 54 m/s, and the corre-
sponding frequencies vary from o, =123 to 130 Hz and 97.8 to
100 Hz, respectively. These are dominated by coupling between
higher structural modes.

If the steady angle of attack increases again from o =0.5 deg,
it is expected the lowest flutter velocity will be decreased. For
oy =0.75 deg, there are two flutter ranges as shown in Fig. 4. One
isfrom U =24.5 to 32 m/s, and the correspondingfrequencies vary
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Fig. 5 Linearized flutter characteristics vs a steady angle of attack.

from o; =32 to 36 Hz and the motion is dominated by the cou-
pling between first two structural modes. The otheris from U =28
to 47.5 m/s and the corresponding frequencies vary from o, =100
to 108 Hz and is dominated by higher structural mode coupling. In
this case, the latter instability becomes strongerand the lower flutter
range becomes weaker as compared with the results for oy =0.3 and
0.5 deg. When oy =1 deg, the lower flutter range disappears, the
higher instability flutter range is between U =20.5 and 36.5 m/s,
and the corresponding frequencies vary from @, =91 to 98.5 Hz.
These relationshipsmean that the flutter mode is dominated by cou-
pling of higher structural natural modes rather than coupling of the
first and second structural natural modes. Similar results are found
up to oy =2 deg. In this case, a higher flutter range is seen beyond
U =28.5 m/s with corresponding flutter frequency o, =215 Hz, in
additionto the original higher flutter range from U =13 to 27.5 m/s
and w =83 to 106 Hz.

Summarizing the above results, a relationship between the first
two flutter boundary ranges and the steady angle of attack is ob-
tained as shown in Fig. 5a. Figure 5b shows the corresponding flut-
ter frequency @ vs . The lower mode flutter boundaryranges are
indicated by the symbol © with a solid line, and the higher mode
flutterboundaryranges are indicatedby the symbol A with a dashed
line. Note that the flutter behavior has a transition of flutter mode
near op =1 deg. The flutter velocity is sensitive to the steady angle
of attack in the range of oy =0— 2 deg.

B. Limit Cycle Oscillations

We have used a standard discrete time algorithm to calculate the
nonlinear response of this aeroelastic system using Eq. (10). The
time step At is constant for a given flow velocity U. Typically
UAt/Ax = j‘ 15 As U increases, At is decreased to avoid nu-
mericaldivergence.An LCO is observedat velocitieshigher than the
lowest linear perturbation flutter velocity but not below the flutter
velocity.

A typical nondimensional transverse displacement time history
and corresponding fast Fouier transform (FFT) at, x =1, y =1,
U =46 m/s > Uy, and oy =0.1 deg are shown in Figs. 6a and 6b by
a solid line. There is a steady-statelimit cycle oscillation with dom-
inant frequency of @ =25.5 Hz. Note that the linear flutter velocity
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Fig.6 Limit cycle oscillations of nondimensional transverse deflection
for ag =0, 0.1 deg, and U =46 m/s.

and frequency are U; =44 m/s and oy =25.1 Hz. For comparison,
the results for oy =0 are also plotted in this figure, indicated by a
dashed line, for the same velocity.

Figure 7a shows the nondimensional transverse peak amplitude
of the limit cycle oscillation vs the flow velocity for oy =0.1 and
0.3 deg. For comparison, the result for o =0 is also plotted in this
figure. As U increases, both static amplitudes (as indicated by a
dashed line) and dynamic amplitudes (indicated by the symbols e,
o) increase for ap =0.1 and 0.3 deg. No static deflection occurs
for ay =0, but the dynamic amplitudes indicated by the symbol A
are larger than those for oy =0.1 and 0.3 deg. The LCO is almost
single harmonic motion as shown in Fig. 6. Figure 7b shows the
corresponding oscillation frequency of LCO vs the flow velocity.
The oscillation frequency for o =0.1 deg is slightly higher than
that for oy =0. However, for oy =0.3 deg, the oscillation frequency
is notably higher than that for oy =0 and 0.1 deg.

Figure 8a shows the nondimensional transverse peak amplitude
of the LCO vs the flow velocity for oy =0.5, 0.75, and 1 deg. As
U increases, the static deflection (as indicated by a dashed line) in-
creases for all cases. The dynamic amplitude for oy =0.5 deg (indi-
cated by the symbolse) increasesand then decreases. The maximum
valuecorrespondsto U =38 m/s. The oscillationfrequency (Fig. 8b)
also increases but is dominated by the lower flutter mode frequency.

For oy =0.75 deg, there is a jump phenomenonbetween U =32
and 34 m/s, both in the LCO dynamic amplitude and oscillation
frequency, as indicated by the solid line. The amplitude drops from
about0.12t00.01,and the frequencyjumps from about40to 100 Hz.
These results are explained by Fig. 4. The velocity U =32 m/s is
the upper critical point for the lowest flutter mode. In the range of
U > 32 m/s, the flutter is dominated by higher flutter mode with
®; =100 Hz. The LCO correspondingto the higher flutter mode is
weak, however. Typical FFT analysis for U =27 m/s (lower LCO
mode) and for U =34 m/s (higher LCO mode) is shown in Fig. 9.
As shownin Fig. 9, the solid line indicates the results for U =27 m/s
with an oscillationfrequency @ = 35 Hz and a peak amplitude about
0.1. The dashedline is for U =34 m/s with an oscillation frequency
® =107 Hz and a peak amplitude of about 0.01.
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a) LCO amplitude
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35 40 45 50 55 60

flow velocity, m/s
b) Oscillation frequency

Fig.7 Limit cycle peak amplitudes vs flow velocity U for oy =0, 0.1,
and 0.3 deg at the tip of wing.
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Fig.8 Limit cycle peak amplitudes vsflow velocity U for oy =0.5,0.75,
and 1.0 deg at the tip of wing.
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Fig. 9 FFT analysis of limit cycle oscillations for U =27, 34 m/s, and
o =0.75 deg at the tip of wing.
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Fig. 10 FFT analysis of limit cycle oscillations for U =30 m/s and
o =1.0 deg at the tip of wing.
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Fig.11 Maximum nondimensional LCO peak-to-peak amplitudes.

For oy =1 deg, the flutter is dominated by the higher flutter mode.
The lower flutter boundary is U, =20.5 m/s with o, =91 Hz, and
the upperoneis Uy =36.5 m/s with @, =98.5 Hz. The LCOs occur
betweenthe lower and upper flutter boundaries. The amplitude of the
LCOis very small compared with those for oy < 0.5 deg,asindicated
by the dotted line in Fig. 8. A typical FFT analysis for U =30 m/s
isshownin Fig. 10. This figure shows a simple harmonic oscillation
with a frequency @ =108 Hz and peak amplitude about0.1.

Summarizing the above results, a relationship between the maxi-
mum peak-to-peak amplitude and oscillation frequency of LCOs
and the steady angle of attack is obtained as shown in Figs. 11a and
11b, respectively. The amplitude decreases as the steady angle of
attack increases, and there is a change in the LCO mode for ¢ near
1 deg. Such effects have been observedin flight flutter experiments

V. Conclusion

The presentpaper providesnew insightsintononlinearaeroelastic
phenomena not previously widely appreciated, i.e., LCOs for low
aspect ratio wings that have a platelike structural behavior. The
effects of a steady angle of attack on both the flutter instability
boundary and the LCO are significant. For a small steady angle of
attack, o <0.1 deg, the flutter onset velocity increases whereas for
larger oy, it decreases. Moreover, as ¢ increases, the maximum
LCO amplitude decreases substantially.

Appendix: Coefficient Matrices

C aUl aUI
ct =12 dxd
”’ h ox ox
(1 - v) oU; aU;
dy
oV, oU;
e o=12"°v / dx dy
- Lh oy ox
1- oV, oU;
(-9 // 7 dx dy
2 ox oy
// ow, oW, au; | (e oW, aW,, aU;
= \%
Clim ox dx ox L] ay ody ox
aWk ow,, oU;
+(1—-v) dx dy
ox 0y 0y
C aV, aU,
D' =12 v dxd
- h oy o0x
(1 -V // avi aU;
0x ay dy
oV, av,
= 12 dx dy
(1= oV, aV;
Y // dra }
// c aWk ow,, oV; aWk ow,, oV,
”"" N oy ay ax ox 0y

oW, oW, oV,
dx dy

+(1—-v
( )ax dy ox

Mk =/ W, W, dx dy

s
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e ]

+0.5(1 —v)

an aWk aU, + (c)zaW, aWk aU,
\%

ox 0x 0x L oy 0y o0x

~

¢\ oW, oW, aU,
ox 0y 0y

¢\ oW, oW, aU,
+0.5(1 —v) dx dy
L dy ox 0y

c 2aW, oW, aV, oW, oW, aV,
n , = 12 T4y
J dy 0y 0dy ox o0x 0y

+0.5(1 —v)
ox 0y ox
oW, oW, oV,
+0.5(1 —v) dxdy
dy 0x 0x

e oW, oW, aW,, aW,
”""" ox 0x 0x Ox
e 4aW,aWk oW, W,
L dy 0y 0y 0oy

e 2OW, oW, oW,, oW,
L oy 0y 0x 0x

¢\ oW, oW, aW,, aW,
+ dx dy
L ox 0x 0Jy 0y

o I —YI[I — A(A+ B)"|TE
“\C,Xp, D, +Cy(A+ B)'TE + K,| 272

. ~Zra Y B(A+ B)"'TE
“\C,Xg, D, +Ci(A+B)'TE + K,| 272
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